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I, Abstract 
Mixed boundary-value problems for cracks or fault lines 
.. 
in elastic media under plane extension are considered. The 
material of the medium is assumed to be homogeneous and iso-
tropic. Williams' eigenfunction method is used in conjunc-
tion with the complex function theory of two-dimensional 
elasticity. The significant stresses near the crack tin are 
found to change sign an infinite number of times because of 
the mixed boundary conditions. This oscillatory character 
is shown to be confined to the immediate vicinity o~ the 
crack ooint. It is further found that the crack-tin stresses .. 
possess singularities of the orders of r- 3/ 4 and ~l/ 4, where 
r is the radial distance from the crack-tip. Three example 
problems of fundamental interest are worked out. 
sions for the crack-tip stresses are given. 
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II. Introduction 
The redistribution of stress generated by the intro-
duction of a crack causing high stress elevation near the 
singular point has recently received considerable attention. 
A number of problem dealing 1i! th crack-like imperfections 
subjected to in-plane extension· and out-of-p'lane bending 
\ 
have been investigated. Both homogeneous and two-dissimilar 
media have been considered. 
Williams (7]* has studied the stress distribution near 
-· 
the base of a stationary crack for a homogeneous, isotropic 
~,.., 
material. He n~s found that the stresses near the tip of 
the crack are inversely proportional to the square root of 
r--
the distance from crack-tip. In the case of two dissimilar 
materials with cracks along the bond in extension [4] and 
in bending [2] the modulus of the singular behavior of the 
stresses is seen to remain proportional to the inverse square 
root of the radial distance from the end of the crack. In 
these references the first fundamental boundary-value pro-
blem as formulated in classica·l elasticity is investigated 
with vanishing stresses on both edges of the crack. 
J 
• Numbers in brackets refer to references at end ot paper • 
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The problem of a rigid, straight line .t.nclusion embedded 
in an elastic or a visco-elastic medium is of considerable 
practical importance, particularly in solid rocket propel-
lents •. When the reinforced medium is subjected to pure shear 
loading, there is a tendency for the upper edge (or the lower 
edge) of the inclusion to separate from its surrounding ma-
terial. For example, it is possible to have the upper crack-
edge free of tractions, while the lower edge of the crack is 
free of displacements. This nroblem then can be treated as a 
mixed boundary-value problem. Hitherto, this oroblem of 
important practical application remains to be treated. 
In what follows, the mixed boundary value problem is 
considered in particular. In the appendix, the second boun-
dary-value problem (which has been recently solved by the 
Hilbert Problem) is solved using the eigenfunction expansion 
method • 
• 
The .eigenfunction expansion method [7] is used to 
calculate the lowest eigenvalue which gives rise to singular 
stresses. _ For the first time, it is seen that_ t,·10 s ingulari-
ties of different~strengths exist near the end of the crack. 
The singularities are of the orders of r-
314 and r-i/ 4 in 
I 
contrast to the only singularity of the order r-
1 / 2 obtained 
.. 
- 3 -
·.,. 
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' 
for the first boundary-value problem [2], [3], [4], [7] • 
. ·1 Another interesting aspect of the !?rob lem is the oscillatory 
) _ . .,. 
character of the stresses which is shown to be confined to 
the immediate vicinity of the crack-tip. This sharp oscil-
latory character of the crack-tip is not observed in a 
homogeneous material with other boundary conditions [7]. 
However, the stresses changing sign rapidly as the front or 
the crack is approached do occur in both in-plane extension 
[7] and out-of-plane bending [2] for non-homogeneous media 
with a crack along the bond. The stress oscillations are 
-1/2 cos observed to be of the typer sin (E log r), where tis 
a bimaterial constant and r is the radial distance from the 
end of the crack. The crack-tip stresses for the mixed 
boundary-value problem are, however, of the type 
r-1 14 cos (£ log r) and r- 3/ 4 sin (£ log r) superposed, sin cos 
It is of interest, therefore, to investigate 
field near the base of the crack. 
The eigenfunction expansion determines the characteris-
tic behavior of the stresses qualitatively near the end of 
a semi-infinite crack. The problem of the semi-infinite 
crack is then formulated in terms of sectionally holomorphic 
functions of Muskhelishv111 [5]. These complex functions 
are later modified to give the solution to the finite-crack 
problem. 
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Closed form solutions are given for various problems 
of practical interest. The problem of an isolated force 
located at an arbitrary location has been solved, This solu-
tion may be used as Green's function to solve any extensional 
problems involving cracks subjected to mixed-boundary condi-
tions. 
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III. Statement of the problem 
The problem is concerned with the determination of 
the stress distribution in an infinite homogeneous, 
elastic medium, containing a th~ough crack of finite 
length. The upper edge of the crack is free of tractions 
while the lower edge of the crack is held fixed, that 
is there are no displacements in the tangential and 
radial directions. 
For the purpose of\.examining the stress distribution 
near the crack tip, the nroblem of a semi-infinite crack 
with the given boundary conditions is considered first. 
The origin of coodinates is placed at the crack-tip • 
See Fig. 1. The crack runs along the ne~ative x-axis 
extending to negative infinity. The boundary conditLons 
• • \, ,,;i 
for this problem can be conveniently stated in oolar 
coordinates: 
a. The crack surface ate= +w is assumed to be free of 
tractions 
j .e • = 0 
(1) 
're = 0 
The crack surface at 8 •-,is assumed to be fixed 
~ 
i.e. u=v=O ( 2) 
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Thus we seek a biharmonic stress function U(x,y), 
that is, a solution of the partial differential equation 
91t U(x,y) • 0 (3) 
such that the normal and the shear stresses vanish along 
e = +w, and the tangential and radial displacements u, v 
vanish along 8 = -w. Thus the problem is resolved to the 
classical two-dimensional elasticity problem • 
.. The Airy stress function. u, expressed as a oower 
series in polar coordinates, rand a, can be related to the 
-
functions t(z) and ,(z) or the complex variable z. In terms 
of these functions, the basic equations for two-di~nsional, 
' 
isotropic elasticity as developed by Muskhelishvili [5] are: 
-< 
' 
a + a = ~ Re[t(z)] 
X y 
a - a + 21 T a 2[z •'(z) + ,Cz)] Y' x xy (4) 
~~-2G (u t iv)=~/ t(z)dz - z t(z) - / ,Cz)dz 
where u, v are the displaceme,nt components, a , a , t are 
y X Xy 
the stress components, G shear modulus. The functions t(z) 
(> 
and ~(z) must be such that the given boundary conditions are 
satisfied, ' 
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IV. Method of Solution 
1. Determination of lowest eigenvalue • 
According to Williams [7], an appropriate characteristic 
product solution for the homogeneous equation (3) can be 
choosen to be of the form 
• A +l·· 
r n F( e A ) 
' n 
(5) U(r,· 8) • I 
n=O ., 
where 
+ d cos ( A -1) 8 n n 
In order to express the boundary conditions in terms of 
the eigenfunction, 1 t is necessary to express cr 8, T re and 
' 
u, v in terms of F(e,An). These expressions are:* 
CD 
ni~ An-lA ( l+A ) F( 8, A ) ae. r D n . n 
• An-1 . 
're • -r A F' (8 1 A ) r 
, n•O n D 
, 
.. ' 
t Detailed derivation is given in ret. [ 1]. 
I 
.•. 
. :, 
' 
,r 
(6) 
t 
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n~O 
where ~he primes denote differentiation with respect to e. 
The subscripts (n) imply that there are 1nf1n1 te number 
of eigenvalues \ihich satisfy equation ( 1). To each of 
these eigenvalues there corresnonds a set of constants a, 
b, .. c, d. In \'/hat follows, the subscripts may be dro!)ped 
wherever convenient. Noting that the boundary conditions 
(1) and (2) must be satisfied for any arbitrarv value of r, 
these boundary conditions may be written in terms of 
F(e 1 1} as: 
F(+w) • F' (+w) = 0 
[ ( l + l) ( 1-v A) ] F ( - 11) + F 11 { - ,r) = 0 (7) 
-' 
[(2+v)A2 + (A-vA+l) F'(-w) + F'''(-w) = 0 
Insertion of ~the 1·ast of equation (5) into (7) leads 
' 
- to a sin wA + b cos 1rA + c sin wA + d cos wA = a 
11!1' 9 - ~.· ;; 
. . ~; ;:.·· 'l".~ .. . • :'-'}' ·,,: '·~ "f·:•' . ·.~ .. 1' ~:· - • ·. - ,. .• ' -' ;.·-~· ·~ ... ; .. , ' . . "'. .:-;:· .. , .. - . ' - .... !·' •',t:• -~· 
l-1 a cos ff A - b sin 1f A,· + C A-1 cos wA - d --
A+l A+l 
1 , b , C [ 3- V _ , ] Sin ff A + a s n w" - cos w" - " ---
l+v A+l 
d [ 3- V _ A ] C OS 1T A = O 
l+v l+A 
.. a cos wA + b sin irA + c [3-v + A] cos wA + 
iA. l+v A+l 
d [ 3- v + A ] s 1 n ,r A = O 
l+v A+l 
.·, '--1_ .. ·--~,' '-"'"1 -~·:.·,· -:.::_ .. ;,. .; 
.. 
sinwA • 0 ' ' 
(8) 
These are four homogeneous, linear equations in the 
constants a, b, c and a. For.· a non-trivial solution to 
exist, the determinant of the coefficients of the constants 
a, b,_ c, d must vanish. This condition leads to an eigen-
value equation of the form 
s1n 2 2wA = 4 (9) ( 3- V ) ( 1 + \I ) 
The resulting.eigenvalues are round to be complex, in 
contrast to the first boundary-value problem [7], where 
they are real. The solutions are 
I 
I 
l 2n-l + 1£ • D 4 
/l' 
., 10 -
. ' ) ·::·.-=-~- .: ___ : 
,t', 
. ' 
·.··-:;.:...:-~ 
. \ .. ~ 
."·.: 
J" '\ 
'_,, ...... ,~-. ,.,___.,__.,. ..--0 .,,_ ....... -,,- ........... "··-. -·,---··-- . - - . ' ··-' ,, ... ·- ····--.-,-· , .. ;... ·-;~- ,,~--.,~~--, ...... """"'~ .... ----·~··-·---· 
and 1 2n-l = - 1£ (10) 
4 
where n • 1,2 ••• 
1 log l+v for plane stress 
4 ,r 3-v 
I( = 
l log l for plane strain 
4 ,r 3-4v 
The negative values of n have been excluded so that the 
physical displacements u and v remain finite as the origin 
is approached. 
• 'J. 
Now, let A= Ar+ 1A 1 where Ar and Ai are real. The 
stresses corresponding to the lowest eigenvalue take the 
form, 
i 
.-.. 
A-1 Ar-l*iA1 a :s r :r r 
Note that the real exponent determines the strength of the 
stress singular! ty at the crack-tip and the imaginary ex-
ponent contributes to the oscillatory character. 
The stresses a 1j(i, j = 1, 2) consist of an infinite 
series associated tii th an infinite nwnber of eigenvalues • 
.. 11 -
,,1, 
I /,f, 
I 
... 
•; I 
.... .1, 
/ 
For n •, 11 A =!and for n = 2, 
r 4 
3 A • -. 
r 4 Hence, the 
stresses for n = 1 and n·= 2 will become infinitely large 
as the origin is approached,that is r-+O. All the terms 
associated with eigenvalues having larger real parts are 
proportional to higher order in r. These may be neglected 
in the vicinity of the crack, compared to the first two 
terms. 
2. Goursat Functions 
The Airy stress func_:tion U I is obtained from the sum 
' ~ 
of two solutions, each of which refers to one of the com-
plex eigenvalues in equation (10), that is, 
U • U(r, 8 1 A)+ U(r 1 8 1 r) n n (11) 
where! is the complex conjugate of A. Since U is real, 
n n 
it can be represented by using (5), in the following form 
CD 
-u • I r"n+l F(e, A ) + Ir"n+l F(e, r > 
n•l D n 
I 
CD 
• 2 Re I r"n+l F( e, A ) 
n•l n 
a sin (A +l)e + b cos (A +l)e 
n n n n 
+ c sin (A -1)8 + d cos (A -1)8 
n n n n 
(12) 
• 12 -
\ 
G 
,... __ ... :.,_ 
I 
j 
' 
" l 
I 
• 
·--:.. 
...•. -------=·---'----~ _, ___ ,_ "··-----~ - ' --~ I 
' : - .••• _,,,,-. -- ~ ........... ,.. --.. ~.EU"••·'" - >J --··---.... -?-.···· .- ~--·--··- -
..... ·, 
,;-
.-
To express U explicitly, the constants a, b, c, d, must 
be determined by solving equations (8) simultaneously. The 
constants a , b, c , can be conveniently expressed in 
n n n :l 
terms of d, by making use of the eigenequations (9) and n 
( 1 O ) • The res u 1 t is : 
and 
(-l)n+l e- 2w£ 1 + An 
-------------...... d 
y • 
1 + ~ D 
1-v 
l+v 
n 
for plane stress 
y • l - 2v for plane strain 
Since U is biharmonic, it may be represented int-A!rms or 
the two analytic complex functions· ~(z) and x(z) 
U • Re [z 9(z) + x(z)] 
wh~re z • re 1 8 
~ 13 -
f 
,. 
a! 
.·f":· 
·~-·-··- --~--·-·-- .................. ·~~·-· ..... , 
,• · .. 
To calculate f(z) and x(z), the Airy stress function, u, 
. 
expressed in the polar coordinates must be expressed as a 
function of a single complex variable z. 
From equation (12) 
• 
U • 2 Re l 
n=l 
rAn+l ! (b -ia )ei(An+l)8 + !(b +ia )ei(An+l)8 
2 n . n 2 n n . 
,·• I 
+ !(d -ic) ei(An-l)e + i(d +ic) ;i(An-l)e (15) 
2 n n 2 n n 
"' 
where the Euler's 1dent1tf 
e 
18 
• cos. e + 1 sin e has been used, 
The expressions for b -ia, b +ia I d -ic I d +ic, are n n n n n n n n 
computed from {13), Then on comparing (14) and (15), it is 
I 
seen that-·/ 
I • 
• 
x(z) • -2 I 
n•l 
d 
n 
:•: ·~ 
" 
A A +l 
n \z n d -
l+A n 
n) 
• 
CD 
21 r 
2 fl£ L 
e n=l 
The Goursat functions ~(z) and x(z) are related to the 
- 111 -
.. 
,,, 
,'I 
·.~. 
k 
.), 
' 
:~ 
:r.: .. , .. ···,._t 
. v 
I!' l ·I 
functions t(z) and f(z) in the following manner, 
t(z) = +' (z) l 
'l'(z) = x"(z) 
where the primes denote differentiations with respect to 
the argument z. 
After performing the indicated differentiation and 
rearranging terms, the functions ~(z) and i(z) can be 
expressed in terms of the functions f(z) and g(z). The 
result is: 
-t+i E -t+i £ 
t(z) = z f(z) + z g(z) 
,(z) -f'+i£ = z cc!+ 1£) f(z) + z f'(~jJ 
4 
l 
-r+iE 
- z eel+ it) g(z) + z g'(z)] 
4 
3 . 1 . 
-r-1£ -41£ 
+ 
1 
z 7(z) - 1 z gcz~ 
e2 ff£ 8 2 w£ 
where 1 
n-1 
r<z>. 2 I 
n•l,3,5 •• 
n 1 2 [ (- - -) + 1 t] z 
2 4 
- 15 ~ 
d 
n 
(17) 
. ' 
·, 
.. _ ....... 
. ······, 
. -
,,.. 
• I· 
and 
D l. ~l g(z) • 2 f [(!!. - -) + 1£] z d 
n=2,4 •• · 2 ~ D 
• 
. 
The elastic constant£ has been defined previously. 
Notice that the functions f(z) and g(z) are holornorohic 
in a region close to the crack-tip. Outside of this region, 
they may have poles of the order i, which permits any typP. 
of loading except for isolated loads near the crack tip. 
The functions f(z) and g(z) can be determined for a given 
loading. The stresses and the displacements can then be 
computed using equation ( ij ). 
3. Goursat Functions for Finite Crack Problems 
\ 
In the case of a finite crack,the branch points are located 
at z = ta. Goursat functions for the semi-infinite crack (17) 
can be modified to solve the finite crack problem. This 
is done by introducing singularities of the proper order 
at the crack tips. The semi-infinite crack is first trans-
lated to give a singularity at z = +a. This singularity is 
then reflected about the y-axis to give the required addi-
tional singularity at z = -a. 
- 16 - ~· 
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• 
The functions t(z) a·nd 'l'(z) are referred to the axes 
x,y placed at ·the center of the finite crack, while t*(z), 
f*(z) the functions referred to x*, y* axes. See Fig,2. 
Note that the stress components are invariant under the 
translation z = z* + a. 
• 
• • t(z) -== t*(z-a) 
(18) 
and ,cz). ,•(z-a) - a t*(z-a) 
This tra~slation introduces singularities at z = +a. To 
introduce singularities at z = -a, the singular term 
1 . 
• I 
(z+a)-4ie: must be introduced in f(z), t-ihile the singular 
3 . 
term (z+a)-4 1 £ is introduced into ~(z). Note that the 
1 
singularity of order - ~ is reflected into the sin~ularity 
of order - i and vice versa. 
Define: t,-·· ,.· 
1 
f(z•) = (z+a)-4 1 £ P1(z) 
( 19) 
. 3 
g(z•) • (z+a)-4 1 £ P2(z) 
Using (18) 1 the Ooursat functions for the finite crack or 
.. I·. 
- 17 - .. 
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length 2a, become 
where 
f(z) • F(z) Pi(z) (-21£az + a2 +a!) - z F(z) p'(z) 
G(z) 
z2-a2 2 1 
_, . 
,- G(z) E2Cz) (21£az - a2 + az) - z G(z) p' (z) 
z2 - a2 2 2 
tf(z) p (z) 
2 
,-,:. 
(20) 
The functions p 1 (z) and p 2 (z) are holomorphic near the 
crack tips z = ta, but may have poles of order i sufficiently 
far away from the crack tip. Equations (20) give zero 
stresses on the upper e,cige of the crack and zero displacemeots 
on the lower edge of the crack. '-:.,. 
I 
In a given problem p 1(z) and p 2 (z) are the only unknowns, 
'\, 
., . 
.-,., 
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Jt. S1ngle-Valuedness of displacements 
So far, there has been no guarantee that the displace-
men.ts u and v are single-valued. Subs ti tu ting eq. ( 20) into 
the last of equation (4), the displacements are given by 
+ Ci - z) ~ p (z) + cZ - z) O(z) p (z) 
1 2 
+ ie-2 •£ / F(i) p (i)di - 1e-2 1r£ / G(i) p (i)di (21) 
1 2 
This expression must not contain any multi-valued terms. 
This condition is used to determine some constants needed for 
./ complete solution of specific problems. 
The functions t(z) and ,Cz) satisfy all the conditions 
in the theory of elasticity and constitute the solution of 
the finite crack problem. 
,;.-• 
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v. Special Problems 
.T 1. Extension of a Inf1n1 te Plate with a crack 
,,i ~·: 
The problem of a plate containing a crack, the length 
or which is small as compared to the plate dimensions is of 
practical importance. It can be mathematically treated as the 
problem of an infinite plate with a crack. The geometry of the 
problem is shown in Fig. 2, where the plate containing a 
crack of finite length is subjected to normal and shear stresses 
at 1nfin1 ty. 
..• 
Notice that F(z) : 1 as z• z + • 
and 1 G(z) 2 -, as z • • z 
For bounded stresses at infinity, the functions p (z) 
1 
and p (z) can at most be linear in z,that is, they must 2 
assume the following form: 
p ( z) = az + 8 
1 
p ( z) = Az + B 
2 
(22) 
where A, B, a, S, are complex quantities to be determined 
in terms of the stresses and rotation at infinity_. 
Let A• A + 1A, 
1 2 
B • B + 1B 
1 2 
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' 
~-· - - -- ..,.-=x-=-,; . - r ···=·----- •· )-_ -, 
8 • 8 + 18 
1 2 
(23) 
Inserting (22) into the first two of equation (4) , 
and letting z +•,it is seen that 
• 
a -1 
• 2[(a +ia )e-2 •£ - (a +ia) 
2 1 1 2 
(24) 
- ( A + 1A ) 
1 2 
( A + 1A ) ] 
2 1 
' Equating the real and imaginary parts of eq.(24) 
(25) 
• [(a -A )e-2 •£ - (o +A)] 
1 1 2 2 
The rotation at infinity CD w , is related to the imaginary 
parts of A and a as follows • 
,,t • -1( ic+l) [t(z) - t{z)] 
40 
• ( ic+ 1 ) ( a + A ) 
2G 2 2 
~ 21 .. 
(26) 
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So fa~ no consideration has been given to the condition or 
aingle-valuedness of displacements. To facilitate inte-
gration indicated in (21), F(z) and G(z) are expanded in 
a Laurent Series for Jzl > a. The multi-valued logarithmic 
terms appear as a result of integration of the 1 terms. 
z 
For the displacements to be single-valued, the coefficients 
of the logarithmic terms must vanish. This physical requi-
rement furnishes an additional complex equation for the 1 
evaluation of the constants. The expansions for F(z), G(z) 
0 are given below. 
1 Y1 Y2 1 F( z) • - - + - + O ( ) 
z z2 z3 z4 
l Y~ Ya..+ 1 G(z) • - - _. + -- 0 (-), 
z z 2 z 3 z 4 
where 
y •a(-!+ 21£), y
3 
= 
1 2 a(!+ 21t) 2 
y • a2 c2 - 2£ 2 - 1£), 
2 8 
(27) 
Substituting into equation (21), and considering only the· 
l.ogarithmic terms, the condition of single-valuedness gives, 
. , 
2. 2 • !19 
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. . ' 
-~-£ [ ( 1) e . 8 - aa 21 £ - -
2 
+ B - Aa(21£ + 1) ] 
2 
- 1e·2 •e [ S - aa(21e - !) 
2 
- B + Aa(21t + !) ] • 0 
2 
• 
-
(28) 
According to Muskhel1shvil1 (5), for a unique so1u·c1on 
to exist, the resultant vector of all external forces applied 
to the boundary must be given. If no resultant force vector 
is specified across the crack, the coefficient of the l 
z 
terms in the expansion for t{z) must vanish. Inserting (27) 
and (22) into the first of equation (20), w~~. get 
t(z) = F(z) p (z) + G(z) p (z) 
1 2 
1 y 1 1 
• ( az + 8) [- - - + 0(-) + • • • ] 
z z2 z 3 
l Y2 l + (Az + B) [- - - + 0(-) + ••• ] 
z z2 z3 
\ 
1 
•(A+ a)+ [ s - aa(21£ - -) 
2 
+ B - Aa(21£ + !) J.! + 
2 z 
Hence, we must have the additional condition, 
a - aa(21£ - !) 
2 
+ B - Aa(21e + !) 
2 
• 0 
From equations ( 2 8) and ( 29) 1 t is seen that 
•·· 
(29) 
••• 
I' 
• 
\ 
.t 
• i 
8 • aa ( 211: - !) 
2 
B • Aa (21t + !) 
2 
-.. ......_ ..... __ _,_,,,, .-...,~ ·-- -- -- .. - -- -~ - -
-· 
( 30) 
Equations (25),(26), (30) are sufficient to determine 
the constants A, B, a, s, required for the complete solution. 
The values of these constants are 
a • J + ! e 2 •£ ( ,• + K) 
1 2 
A • J - 1 e 2 1'£ c,· + K) 
1 2 
Cl = 
2 
! + L e2,r£ 
2 
A 
2 
K 
= - -
2 
s a 2wt[ • = 
- - e t 1 4 
+ 
B = - a 2w£[ ·+ - e T 1 4 
K + 8£L] -
K - 8£L] + 
a 2,r £ [ • • ae £( t + K) - !! ] + 2 2 
B . - ae 2 ,.. £ [ £ ( t • + K) + 1] 
2 2 
.- 24 .. 
.. 
: ... , . .-,(,:~1 · 
aJ K£a 
--2 
, . 
...;. 
aJ K£a .__ -
2 
2a£J Ka 
- -~ 
+ 2atJ + Ka 
-4 
,, 
. - .. ;·;~'- ··.~_:·,·. 
• 
J 
~ ' 
1;, 
J1 
. > 
,,- " 
,ii 
'1,. ·. 
where 
• • a + a 
J • X a l 
8 
.· 
• 
3a• 
L. I l -
8 
• a 
X 
, CD 
K • 2Gw 
x+l 
From the values of the constants a, B, A, B, o (z) and 
.. l 
p (z) can be calculated. Thus the Goursat functions t(z), 2 
f( z) may be determined. 
In order to prevent the rigid body rotation of the 
.•· 
crack an external moment must be applied to the plate. The 
value of the moment is calculated in terms of the shear stress 
and rotation at infinity. 
where 
M • Re [x{z) - z •<z) - z i t{z>J! 
f(z) • / f(z)_ dz 
X ( Z) = / ,C z) dz 
To simplify computat·1ons a function ·oc z) is defined. 
0 
o(z) • i(z) + z i•(z) + l(z) 
( 32) 
C 33) 
, . 
·~· 
'·; 
:, 
Solving equation (33) for ,(z) .... 
!(z). n(z) - t(z) - I •'Cz) (34) 
• 
• • t(z) • {fi(z) dz - / t(z) dz - / z t'(z) dz 
'-
• fn( z) dz - z • ( z) , ( 35) 
The function n( z) must also be ·expanded in a Laurent series 
to perform the contour integration. Substituting (20) into 
( 33) 1 
n(z) a - 1 
211'£ e 
1 F(z) p (z) + 2 ff£ G(z) p (z) 1 e 2 
Noting that no singularity exists for lzl > a, the 
• contour may be taken as a circle of large radius enclosing 
the crack. In the present case t(z) is single-valued for 
I z I > a. Hence, the resultant moment r~. acting on the plate 
is equal to the increase of Re[x(z) - z ~(z)J for a complete 
circuit of the circle in the clockwise direction. To 
calculate the multi-valued logarithmic terms it is sufficient 
to consider the terms up to the order of Lin the series 
z2 
expansion for n(.z) and t( z) 
• 26 9 
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. Introducing (27) into (37) and (35), and performing 
the integration indicated in (32), 
M • Re[ i~£ (i Y - ff Y } log z + 2;£ (A Y - "a Y ) log z e .1 3 e 1+ 2 
- ( Y 2 a + A y It - 8 y 1 - B y 3 ) log z ] ! ( 36) 
Note that the logarithmic term decreases by + 2 .. 1 for 
a complete circuit of the circle. Substituting the values 
of the complex constants A, B, a and 8 from (31) and col-
lecting the real terms of equation (36), the external moment 
can be found. The moment is given by 
M • - 2wa 2 [(l + 2e2 + e 2 •£) • 8 £ 'txy 
(37) 
The negative sign indicates an anticlockwise couple must 
be applied to the plate to prevent the crack from rotating 
as a rigid body. 
·-
2. Extension of a plate wit-h a syrmnetrical force applied, 
to the lower edge 
Consider the problem of a rigid strip welqed-· to the lower 
- 27 • 
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edge on which a symmetrical force of magnitude P· acts in 
the negative y-direction. The stress and the rotation are 
assumed to vanish at inflni ty. The geometry is shown in 
co ec+l fig. 3. From (26), w = 20 [Im t(zD. Therefore, it 
follows that Im [ tr(·z )] • O for I z I > > a. 
,, ,..-CJ, 
. -The first of eq.(4) gives a + a = II Re [t(z)]. Hence, 
X y 
the Re [t(z)J= O for lz I >> a. Thus the functions p (z), 
1 
p (z) must be such that ~(z) vanishes at infinity. From 
2 
the expansion of F(z) and G(z), it follows that p (z), 
1 
p (z) can at most be constants. 
2 
Let p (z) • C • C + 1C 
1 1 2 
p (z) • D • D + 1D 
2 1 2 
where C , C , D • D, are real, 
1 2 1 2 
C 38) 
The second of equation (4) in conjuriction with eq.(3q) 
gives 
o - it • t(z) + ~(i) + (z - i) •'(z) 7 xy (39) 
The resultant force vector Pon the lowe~ edge ot the 
I 
crack is given by 
- 28 ~ 
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6,~. 
P • / c ( a Y - 1 t xy> dz ( 40) 
' 
since on the real axis, dz. dz= dx. 
The functions t(z), n(z) for lzl >> a take the form 
t( z) • C+ D - a (- .! + 21 £) 9-.. - a ( ! + 1 £) L + • • • ( 41) 
z 2 z 2 2 z 2 
and 
O(z) • •ie-2•£ [£ - £! (-.! + 21£)]+ 
z z 2 2 ~ ••• 
+ 1e - 2 •£ [Q - .Q! c! + ~1 £) ]+ 
z z 2 2 
• • • 
The expressions for t(z) and n(z) are substituted from 
equation (41) into {39). The resulting expression for 
a - it is then substituted in (40). On integration it y xy 
is seen that 
P • [(C+D) log z - 1e-2•e (C-D) log i]c 
On equating real and imaginary parts, 
(C +D) -21'£ (C -D ) = 0 
- e 
. 1 1 2 2 (42) 
( C -D· ) + 8211'£ (C +D ) p 
.,_r: 
a 
1 1 . 2· 2 2w 
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To get an additional relation between the constants, 
the condition of single-valuedness of displacements is uaed. 
Using (21), it can be seen that 
2G(u + iv) • ic: / c •<;? .. ~z - / c o(Z)d'i - (z - Z) t(z} (43) 
\ 
The multi-valued logarithmic terms will again come from 
integration of terms of order} in the expansion (41), for 
lzl >> a. The coefficient of these terms must vanish. That 
18 I 
[e·4•£ (C + D) log z + i e-2 •£ (C - D) log Z] = O (44) 
C 
On equating real and imaginary parts it is seen that 
e-2 w£ (C + D) = - (C - D) 1 1 2 2 
(45) 
Equations (42) and (45) give 
e-2 tr£ p iP C • c1 + 1C 2 = + 4,r(l+K) 4,r(lfte) (46) 
- 30 -
!' 
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e- 2 •£ P 1P D • - + ( ll6) 41r(l+1e) 41r(l+te) 
The functions t(z), Y(z) can be obtained using (41) and (46). 
3. Concentrated Force at an Interior Point of a Cracked 
Plate. 
The problem of an infinite plate containing a crack of 
length 2a and subjected to a concentrated force at an interior 
point z 0 is of fundamental interest, since it may be used as 
a Green's function to solve any extensional problem. The 
stresses are assumed to be zero at infinity. See Fig, 4. 
The problem is solved by the application of the principle 
of superposition. First, the stresses (ay - itxy> and the 
displacement gradients (u' + iv') are computed along the 
x-axis. Here 1 the primes denote differentiation with respect 
to x. The crack is assumed to be absent with the prescribed 
loads acting on the plate. With vanishing stresses at infinity, 
--the complex functions for this problem with no crack are · 
given by, 
R 
~ 31 -
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(47) 
·11 
,.. 
;_i' ;, 
'J 
....... 
... ,,. ... ~ 
I 
. ' 
-
o ( z) • 
I 
where R • 
_K_R_ + ff(!'o .. zo) 
-z-zo 
Q+iP 
2,r(l+ec) 
( z-zo) 2 (47) 
I ) 
The stresses and displacements along the prospective 
crack direction are given by use of equation (4). 
a - 1 T • [ t ( Z) + 0 ( Z) ] Q 1 xy 1 1 y• 
(48) 
and 2G(u'+1v') • [ .ct (z) - n (z)] 
1 1 y•O 
where the partial derivatives !~ and :; are used to avoid 
the multi-valued terms +(z) and w{z). 
Then superposing equal and opposite tractions on the 
I ' 
upper crack-surface and displacement-gradients on the 
lower surface, the solution for the crack with no tractions 
on the upper edge and no displacements on the lower edge 
is obtained. As seen before, 
( ~9) 
!lllt 32 .. 
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The functions p 2 (z) and p 1 (z) are obtained by comparing 
the Boussinesq's solution for an isolated force acting on 
the boundary of a half-plane. 
1 iG 
1 J+a [~(ay - i•xy) - -,; (u' + iv')] P1(z) = dx 
2wi -a F2 (z) (z-x) 
(50) 
1 T ) + ~ ( U 1 + 1 V 1 )] 
x;, K dx 
G 2 ( z) ( z-x) 
The quantities (a - it ) and 2G(u' + iv') are Y xy 
computed from (48) making use of eq.(47). On carrying 
out the indicated integration, the function p 1 (z) and 
P2(z) are determined. Once p 1 (z) and p 2 (z) are known, 
the stresses and the displacements are completely deter-
mined. The functions t(z) and n(z) are given below 
t(z) 
a( z) 
where R = 
R 
-
- -
z-zo 
-
ec:R 
-z-zo 
Q+!P 
2 (l+te) 
+ 
+ F(z) P1(z) + G(z) p 2 (z) 
., 
-R(z-zo) 
- 1 h [F(z) P1(z) -
(z-zo) 2 
1 
and p 1(z) = - 1 
Hl(z) - Hl(z 0 ) [ (- + 1 fK G )R 2 2 . ] 
2 21'1 2 z-zo 
r. 
(51) 
G(z) P2(z)] 
,, 
,,I 
:; 
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H!(z) - 2 wi [( z ~ a) (z+a)~ [z t(! * 21£)a]] 
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..... ~, 
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VI. ,~ Discussion 
The study of the local ,!behavior of the extensional 
stresses is of interest. The local stresses comnuted in 
.. 
Appendix I can be conveniently rearranged in the form 
3 
= r-4[J(e) sin(£ log r) + H(e) cos (e log r)] 
·~, 
1 
+ r-4 [K(e) sin (e log r)+ L(e) sin (e log r)] (52) 
where ;J, H, K, L are functions of e only and £ is a material 
/ j( 
constant. Notice that the modulus of the singular behavior 
of the stresses is not proportional to the inverse square 
root of the distance from the crack-point, which is the 
case when the crack is free of stresses on both edges. [4], 
[2], (6], [7]. A graph showing the strength of the stress-
3 1 1 
singularities r-4, r-4 and r-2 has been plotted against r, 
the radial distance from the crack-front. It can be seen 
1 _ ...
that the stresses of modulus r 2 lie approximately mid-way 
1 3 
between those of moduli r-4 and r-4. The crack-tip stresses 
will, ho-v1ever, be a superposition of the stresses of moduli 1 3 
r-4 and r-4. The difference between the resultant field 
for the boundary conditions considered and the stress-field, 
for the crack free of tractions will depend upon the mate-
rial constant e. 
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Examination of equation (52) shows that the stresses 
will undergo a rapid reversal of sign as the crack-tip is 
ap·proached, that is,as r + o. This oscillatory character 
of the stresses will be shown to be confined to a very 
small region surrounding the crack tip. To illustrate 
this fact, assume the plate to be composed of a material 
with v = 0.3. Using equation (10) 1 the elastic constant£ 
..• JJ,,,_c .. 
8 -2 is found to be - 5. 17 x 10 for the plane stress problem. 
For the sake of definiteness, the radial distance is com-
/l pared to some planar dimension c of the plate in the form of 
the ratio,!. For example, when the problem of an infinite C 
plate containing a finite crack is considered, the dimension 
c could be the length of the crack. On the other hand, 
when an infinite plate with a semi-infinite crack subjected 
to a concentrated load is considered, c could be the distance 
of the concentrated load from the crack-front. Since£ is 
negative, the stresses given by equation (52) will not 
change in sign in the range O < £ log Cf) < f• Therefore• 
it is seen that for the values of the ratio! smaller than C 
exp <i }> = 1.866 x 10-12 , the crack-tin-stresses will 
oscillate between positive and negative values. Note that 
' ' equation (52) is valid only for stresses ln a small region 
surrounding the crack-tip; that is for value of the ratio 
f small relative to unity. Since f = 1.866 x 10-12 is in 
that order of magnitude the region of pronounced stress 
~ 36 -
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oscillations, bas~p on this quali tat,1 ve calculations, is 
indeed very close to the end of the crack. These stress-
oscillations are similar to those ob~erved in non-homoge-
neous media containing cracks along the bond [2], [4]. As 
pointed out earlier, oscillation of the stresses is not 
observed for a homogeneous material under the stress-free 
conditions on the crack [7]. The mixed boundary-conditions, 
4t:· then may ·be the cause of the stress-oscillation phenomenon 
in a homogeneous medium. More specifically, the lower 
portion of the homogeneous material may become relatively 
more rigid than;the upper portion since the lower edge of 
the crack is fixed. The infinite plate will then behave 
like a plate composed of two-dissimilar media with cracks 
along the bond, Hence, it is suspected that as far as the 
stress oscillations are concerned, a homogeneous plate 
with a crack subjected to mixed boundary conditions is 
similar to non-homogeneous media with a crack. This con-
clusion is further substantiated by the occurence of stress-
oscillations for the mixed boundary-value problems in 
bending. However, the region of the rapid stress-osc·11-
lations in two-dissimilar media is not as close to the base 
of the crack as that for the homogeneous __ imedium. For two-
dissimilar media in extension [7] the stress oscillates 
p 
r -3 for - = 10 • C 
-; _,_ .. ,-~_.,,,_ ..... ~ -c-~-~-- -···· ·""C""-- :<~ • •• --- ·:, ., •• , ,......1,. --·--·····. - • 
This ratio is considerably larger than that 
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for the mixed boundary-value problem. Such behavior is 
due to the fact that the elastic properties of the lower 
portion of the plate are the same although the lower crack-
edge is fixed. 
' 
I 
Recent discoveries in Fracture Mechanics have shown 
that the elastic stress-distrib,ution has the same functional 
form near the tip of a crack under any loading. In other 
words, the distribution of stresses differs only by a 
stress-intensity factor. This factor is considered to be 
a measure of the loading effect and the geometry of the,-, 
body on the intensity of the stress~in a small region 
surrounding the crack-tip. The crack extends when the 
stress-intensity reaches a critical value. Crack-tip stress-
intensity factors have been definea for extensional and 
plate bending problems [2] 1 [3], [8]. This is easily done 
when the stresses are proportional to the inverse square 
root of the radial distance from the crack-tip and the 
function $(z) is known. The local field of stress can be 
represented in terms of two stress-intensity factors for 
a homogeneous [8] medium, where only one singularity exists. 
In the mixed boundary-value problem, two crack-tip stress-
intensity factors will have to be defined for each singularity. 
In other words, four stress-intensity factors are required 
to represent the stresses in terms of the stress-intensity 
•,' 
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factors, which are the parameters, Only two of these 
factors can be defined from the function ,Cz) by the 
powerful limiting process used in [8]. The constants 
Q, d 1, d ~ d 9 d 9 which appear in equation (54) are propor-. 2 3 4 
tional to the stress-intensity-factors. The constants 
d 1 , d, are proportional to the stress-intensity factor 2 
····! 1 
corresponding to the singularity of the order r~4, while 
~: 
d 3 , d 4, are proportional to the intensity factors corres-3 
ponding to the singularity of the order of r-4. The 
constants d 1 , d, d, d, can, however, be found in terms 2 3 4 
of the specified stresses. This is done in Anoendix I for 
. .. 
the problem of an infinite plate in extension ,~here these 
constants are calculated in terms of the stresses at 1nf1~ 
nity. Thus, the crack-tip stress-field can be directly 
calculated without solving the complete problem. 
Finally, a graph of the ratio of the moment required 
to prevent the rigid body rotation of the crack to the 
shear stress at infinity is plotted against Poisson's 
ratio vo The angle of rotation a, can be related to the 
moment applied by modifying the boundary conditions on the 
lower crack surface as follows: 
u • - 0,y 
.-
v • ax 
~ 39 -
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The couple Mis then calculated in terms of the angle of 
rotation. Since it is desirable to keep the crack fixed, 
the moment is calculated by letting the angle of rotation 
to be zero. From the graph it is seen that a larger 
couple is necessary to hold the crack in the nlane strain 
problem than the plane stress for a given Poisson's ratio. 
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VII. ·Conclusion . -- "'° ' 
A simple method of determining the Goursat functions 
tor a homogeneous, isotropic material containing crack-like 
inclusions is developed. The derivation of the Goursat 
functions integrates Williams' eigenfunction expansion 
method with the complex function theory of ~1uskhelishv111. 
The stresses near,.:" the crack-tin have been found from the 
Goursat functions. The problem of an isolated force 
acting at an arbitrary location on the plate has b·een solved 
by the use of Boussinesq's solution. This can be used as 
Green's function for solution of any extensional prob~em 
for an infinite plate containing a straight line crack. 
The Green's function approach can be used to solve the 
problem of a reinforced beam containing a crack running 
in a given direction subjected to end couples. 
The same approach can be used to formulate the problem 
of an infinite plate containing a finite crack with the 
fixed-free conditions, subjected to out-of-plane bending 
loads. The problem of two dissimilar materials bonded 
along straight-line segments with a crack along the inter-
face, subjected to the mixed boundary-conditions is being 
attempted at Lehigh University using the same method. 
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Appendix I 
stresses near the crack tip 
The crack-tip stress field can be determined with the 
aid of Kolosov-Muskhelishvili's stress combinations. The 
stresses or' a 8 and tre are given by 
a r + a 8 = 4 Re [ • ( z ) ] (53) 
a - a + 21 t = 2e 218 [z •. ( z) + ,c z)] 
e r re 
The values of the functions f(z) and g(z) near the 
crack-tip can be obtained by setting n=l and n=2 in (17). 
Thus the values of t(z) and f(z) are determined near the 
crack-tip. On substituting these into (53) and separating 
the real and the imaginary parts, tre and the stress com-
bination (0 8 - or) is obtained from the second of (53), 
0
8 
and ar are then determined by solving simultaneously the 
expressions for ar + 0 8 obtained from the first of (53) and 
ae -
08 • 
-
0 • 
r 
3 
2r 
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3 
2r-4 
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d, are the values or d for n•2; 
4 
£ 
4 
e • t log r - 3 8 
1 4 ' 
e = t log r + 11 e 
3 4 ' 
e = t log r + 7e 
5 4 ' 
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£ log r + 2.J 
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.. 4 
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The constants d, d, d, d I can be related to 1 2 3 4 
( 54) 
specified stresses. As ar1 example, consider the problem 
of an infinite plate subjected to tractions at infinity. 
The holomorphic functions p
1
(z) and p
2
(z) can be 
expressed in terms of the stresses at infinity using (22) 
and (31). To determine ct1 (i = 1, 2, 3, 4) eq.(19) is 
written in the following form 
1 
f ( z-a) = -41£ ( Az+B) (z+a) 
3 (55) 
g( z-a) • -iji£ ( caz+.a) (z+a) 
- lf6 -
- .,,..~ 
... ;. 
.,, ·,~,~ .. -
' 
•.'. 
. \ 
'.I •. 
·~. 
where f(z-a) and g(z-a) take the form,. 
, n-1 
re z-a) = 2 f [ ( !l - ! ) + 1 & ] ( z-a ) 2 dn 
n=l,3,? 2 ~ / 
and 
I 
g( z-a) • 2 I 
n•2,4 
n 1 [(~ - !) + 1£] (z-a)2 dn· 
2 4 
(56) 
Equating the value of f(z-a) and g(z-a) from eq. (55) 
and ( 56) as z + a, the desired constants are easily eva-
luated. 
1 
a(2a)-4 (Aa+B) ( cos £ - 1 sin£) 1 d + id = C-zr - it) 
1 2 
l + 2 16 £ 
and (57) 
3 
-,; ( aa + B) ( cos £ - 1· sin 3 a(2a) £) <,r - 1£) 
d + id • 
3 .. 3 2 lb+ £ 
where A, B, a and 8 are given by (31). 
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The Goursat functions for an infinite plate containing 
a rigid line inclusion. 
The problem of adding stiffening elements is or 
practical applications. Consider the oroblem of a fixed, 
rigid, straight line inclusion of finite length. See Fig.5. 
The boundary conditions are 
U = V = 0 on e = t 1r (58) 
Using the last two of eq.(6), the boundary conditions are 
expressed in terms of the four constants a, b, c, d. This 
leads to four linear, homogeneous equations for a, b, c, d. 
a(A+l) sin wA + b(A+l) cos wA - c[i;: - A] sin wA 
"" 
d[ 3-v \] , 0 
- l+V - A 008 ·~ C 
a(A+l) cos •A - b(A+l) sin wA + c[f;: + A] cos •A (59) 
- d[~;: + A] sin •A• O 
• . 
• iae • 
~ -l 
,,, 
i 
' r 
'-
a( A+l) cos wA + b( A+l) sin 1rA + c[f;: + A] cos wA 
+ d[~;~ + A] sin 1rA • 0 
For a non-trivial solution, 
sin wA cos wl. = o 
ie An= 2n-1 
2 ' 
n • 1 1 2 1 3 ••• 
• ·,. I 
.... 
~ The constants band a can be expressed in terms of d 
and c resp. 
b • - d 
l+A 
( IC + A) 
a = 
where " 
C 
l+A 
(tc - A) 
-4w£ 3-v 
• e • 
l+'V 
for plane stress 
• 3-4v for plane strain 
(60) 
(61) 
Assume following series for the Goursat functions • 
• 1 t(z) I ~ zln • -An n•l 
(62) 
• 
x(z) • I Bn An+l z ... ·., 
n•l 
' ~. • I 
I ~ 
' ~ 
. ~·;. 
~... ·1 
- , ..... - : ,, -- ; "'-.. .- - . ·' ,.._;__c,:""'._··~-~ =· "'""-,;:··;_, (~~~~·- •.. - .... _- ;:_....:.~· -. ·:--:::" ..,, .. ,,. ""1 ~- "=~~,,. 
r 
. - r.~;., , . 
The biharmonic function u, must take the form-
":!·· 
U • Re (i + ( z ) + X ( z ) ] where z • re18 
co A 
ei(An+l)8 
• Re f -r!: rAn+l ei(An-1)8 + Bn rAn+l 
n=l n 
CID A(l) A(2) 
r rAn+l [ n COS ( A0 - 1 ) 8 - n sin (An - l)e • An ~n 
n•l 
cos (A0 + l)a - B~2 ) sin (A0 + 1)8] (63) 
Using eq. (5), U can also be expressed in the form 
. I 
• I A +l · U • r n [ <1n cos ( An - 1) 8 + CD sin ( An - 1) 8 
n•l 
+ bn cos (A 0 + 1)8 + &n sin (An+ 1)8] (64) 
Comparing equations (63) and (611), 
. ~- : : ;":""' 
/ 
··-i 
,1,. 
j 
l 
I • 
,: 
. ~ . 
~: 
I • 
' - ., ,. 
... 1 
and Bn • - ----
An ( l+ "n) 
[IC A + AA] 
The Goursat functions t(z) and ,(z) are then given in 
terms of a single-analytic function f(z). 
where 
1 
--t(z) • t'(z) = z 2 f(z) 
__ ,. 1 
,Cz) • x"Cz) • -z-2 [K rcz) + 1 f(z) + z r•(z~ 
2 
-f(z) = l An zn-1 
n=l 
(65) 
(66) 
These functions can be modified for a finite crack 
by introducing an additional singularity. A function 
g(z) is defined as 
1 
--F(z-a) = (z+a) 2 g(z) (67) 
Using equations (66) and (18), 
t(z) • F(z) g(z) + A 
· . ..,.· 
!·., ... ..: •.• 
' ' '., .. 
. . r 'I, l .... 
... ,. ' 
- -
,(z) • -ie F(z) g{z) + 
where 
1 
F(z) • (z 2-a2 )-2 
(68) 
-F(z) g(z) - zF(z) g'(z)+KA-A 
,: 
-The complex constant A and KA-A represent the dege-
·. .·i· '· 
nerate case of the functions t(z) and ~(z) respectively. 
These constants represent the contribution of the addi-
tional eigenvalue not taken into consideration in equation 
(60). Equations (68) give zero displacements on the 
crack surfaces. Using the last of equation (4), 
2G(u+iv) • K / t(z)dz - z T(z) - / t(z)dz 
(69) 
= K / F(z) g(z)dz + K / F(z) g(z)dz 
The displacements are thus seen to be single-valued when 
/ g(z) F(z) is single~valued. 
Now consider an infinite plate subjected to normal 
and shear stresses at infinity. For bounded stresses at 
irtfinity g(z) takes the form, 
g(z) = Bz + C (70) 
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The rotation ,,-at infinity is assumed to vanish. That 
11 
• 
Cit • - 1(,c+l) lim [ t(z) _ i(z)] 4G z +oo ,, . 
• ac+l ( A + B ) 
2G 2 2 
ie A • - B 2 2 (71) 
Also putting (70) into the first two of equation (4) and 
letting z + •, 
~(B - A)+ (B +A)• P 
1 1 1 1 
and 
K(B _A)= 2 sin 2a 
2 2 2 
cos 2a 
2 
Solvin~ and (72) simultaneously 
B • _ A • p sin 2a 
2 2 4~ 
B • 2. + p cos, 2 a _ 2.... 
1 8 ~1c: Bae 
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(72) 
(73) 
• • • • ' -~l- .... .lifJ• 
;. 
" ' l 
and 
A •a_ p cos 2a + L 
1 8 4K 8k 
Por lzl > a, t(z) takes the form 
t ( z) • ( Bz + C) ( ! + .! !,: + ••• ) 
z 2 z 3 
.~ 
• B + ! c + ocL> (74) 
z z2 
Now suppose that the resultant vector on the crack is 
zero. It follows that C = 0 
With this choice of constant~ the displacements are 
single-valued. 
(75) 
'J.1le moment required to prevent the crack from rotating 
is again computed by using equation (29). In computing 
the moment only the multi-valued logarithmic terms are 
considered. Using (73) it isseen that 
M • - w(J)2 (1 + ~) p sin 2m (76) 
This agrees with Muskhelishvili's solution. 
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